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Abstarct 

We use the Switzer's formula to compute the coaction map for the 
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1. Introduction

Consider the Kahn-Priddy map � : �nRPn�1 �! Sn which is the adjoint of RPn�1
in�! O(n)

jn�! 
nSn,
where in represents a line L through the origin in Rn as the re�ection in the hyperplane perpendicular to L, and
jn represents an element of O(n) as a map (Rn [1,1)�!(Rn [1,1).
Let F be the �bre of RP1 ��! S0. So we have the co�bration

S�1 �! F �! RP1:

Since �� : eH�(RP1) �! eH�(S0) is a zero map in mod 2 coe¢ cient, hence we have a short exact sequence for mod
2 homology

0 �! eH�(S�1) �! eH�(F ) �! eH�(RP1) �! 0:

Therefore, as a Z2-vector space eH�(F ) is isomorphic to eH�(S�1)� eH�(RP1). Let bi be the generator of eHi(RP1)
for each i � 1 which is the dual of wi1, where w1 is the generator of eH1(RP1), and b�1 be the generator of

eH�(S�1) = �Z2 if � = �1
0 if � 6= �1 ;

which is the dual of w�1, where w�1 is the generator of eH�(S�1),then eH�(F ) is generated by bi and b�1, i � 1.
Let Y be a topological space, A� �= Z2[�1; �2; :::] be the dual of the mod 2 Steenrod algebra A with �i 2 A2i�1.

Then the mod 2 reduced homology eH�(Y ) is a comodule over A�; that is, there is a coaction
�� : eH�(Y ) �! A� 
 eH�(Y ):

�� is the dual of the action map

A
 eH�(Y ) �! eH�(Y ):

Let X be the formal sum 1 + �1 + �2 + � � �, then we have the following theorem.

Theorem 1. Consider the coaction map �� : eH�(F ) �! A� 
 eH�(F ). Then for i > 1,
��(bi) =

iX
k=0

(Xk)i�k 
 bk + (Xj)i+1 
 b�1;

and
��(b�1) = 1
 b�1;

where j = 2m � 1 if 2m�1 < i+ 1 < 2m for some integer m > 1, or j = i+ 1 if i+ 1 = 2m for some integer m > 1.

To prove Theorem 1, we need Theorem 2.

Theorem 2. The dual of the i-th mod 2 Steenrod square Sqi is (X2m�1)i if 2m�1 < i < 2m for some integer
m > 1, or (Xi)i if i = 2m for some integer m > 1.

To prove Theorem 2, we need a lemma.
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Lemma 1. For all positive integer i, let j = 2m � 1 if 2m�1 < i < 2m for some integer m > 1, or j = i if i = 2m
for some integer m > 1. Then Sqi(wj1) = w

i+j
1 , and SqI(wj1) = 0, where I = (i1; i2; :::; ik) is any admissible

sequence with i1 + i2 + :::+ ik = i, k > 1.

2. Calculation

We can use the multiplication map
' : A
A �! A;

and it�s dual
'� : A� �! A� 
A�

to calculate the dual of Sqi for each i, where '(SqI 
 SqJ) = SqISqJ for any admissible sequence I, J and

'�(�i) =

iX
k=0

�2
k

i�k 
 �k.

Now we calculate the case for i = 1; 2; 3; :::; 11.

For i = 1; 2, since the only element with degree 1 in A� is �1 and the only element with degree 2 in A� is �
2
1,

Sq1� = �1 and Sq
2
� = �

2
1.

For i = 3, since
'(Sq3 
 1) = Sq3;
'(Sq2 
 Sq1) = Sq2Sq1;
'(Sq1 
 Sq2) = Sq1Sq2 =

�
1
1

�
Sq3Sq0 = Sq3;

'(1
 Sq3) = Sq3;
we have

'�(Sq3�) = Sq3� 
 1 + Sq1� 
 Sq2� + 1
 Sq3�
= Sq3� 
 1 + �1 
 �21 + 1
 Sq3�:

On the other hand,

'�(�31 + �2) = '�(�1)
3 + '�(�2) = (�1 
 1 + 1
 �1)3 + (�2 
 1 + �21 
 �1 + 1
 �2)

= (�31 + �2)
 1 + �1 
 �21 + 1
 (�31 + �2):

Hence we have Sq3� = �
3
1 + �2.

For i = 4, since
'(Sq4 
 1) = Sq4; '(Sq3 
 Sq1) = Sq3Sq1;
'(Sq2Sq1 
 Sq1) = Sq2Sq1Sq1 = Sq2

�
0
1

�
Sq2Sq0 = 0;

'(Sq2 
 Sq2) = Sq2Sq2 =
�
1
2

�
Sq4 +

�
0
0

�
Sq3Sq1 = Sq3Sq1;

'(Sq1 
 Sq2Sq1) = Sq1Sq2Sq1 = Sq3Sq1;
'(1
 Sq4) = Sq4;
we have

'�(Sq4�) = Sq
4
� 
 1 + 1
 Sq4�:
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On the other hand,
'�(�41) = '

�(�1)
4 = (�1 
 1 + 1
 �1)4 = �41 
 1 + 1
 �41:

Hence we have Sq4� = �
4
1.

For i = 5, since

'(Sq5 
 1) = Sq5; '(Sq4 
 Sq1) = Sq4Sq1; '(Sq3Sq1 
 Sq1) = 0; '(Sq3 
 Sq2) = 0;
'(Sq2Sq1 
 Sq2) = Sq5 + Sq4Sq1; '(Sq2 
 Sq2Sq1) = 0; '(Sq1 
 Sq4) = Sq5;
'(Sq2 
 Sq3) = Sq5 + Sq4Sq1; '(Sq1 
 Sq3Sq1) = 0; '(1
 Sq5) = Sq5;
we have

'�(Sq5�) = Sq5� 
 1 + (Sq2Sq1)� 
 Sq2� + Sq2� 
 Sq3� + Sq1� 
 Sq4� + 1
 Sq5�
= Sq5� 
 1 + �2 
 �21 + �21 
 (�31 + �2) + �1 
 �41 + 1
 Sq5�:

On the other hand,

'�(�51 + �
2
1�2) = (�1 
 1 + 1
 �1)5 + (�1 
 1 + 1
 �1)2(�2 
 1 + �21 
 �1 + 1
 �2)

= (�51 + �
2
1�2)
 1 + �2 
 �21 + �21 
 (�31 + �2) + �1 
 �41 + 1
 (�51 + �21�2):

Hence we have Sq5� = �
5
1 + �

2
1�2.

For i = 6, since
'(Sq6 
 1) = Sq6; '(Sq5 
 Sq1) = Sq5Sq1; '(Sq4Sq1 
 Sq1) = 0; '(Sq4 
 Sq2) = Sq4Sq2;
'(Sq3Sq1 
 Sq2) = Sq5Sq1; '(Sq3 
 Sq3) = Sq5Sq1; '(Sq2Sq1 
 Sq3) = 0;
'(Sq3Sq2 
 Sq1) = 0; '(Sq2Sq1 
 Sq2Sq1) = Sq5Sq1; '(Sq2 
 Sq4) = Sq6 + Sq5Sq1;
'(Sq2 
 Sq3Sq1) = Sq5Sq1; '(Sq1 
 Sq5) = 0; '(1
 Sq6) = Sq6;
we have

'�(Sq6�) = Sq6� 
 1 + Sq2� 
 Sq4� + 1
 Sq6�
= Sq6� 
 1 + �21 
 �41 + 1
 Sq6�:

On the other hand,

'�(�61 + �
2
2) = (�1 
 1 + 1
 �1)6 + (�2 
 1 + �21 
 �1 + 1
 �2)2

= (�61 + �
2
2)
 1 + �21 
 �41 + 1
 (�61 + �22):

Hence we have Sq6� = �
6
1 + �

2
2.

For i = 7, since
'(Sq7 
 1) = Sq7; '(Sq4Sq2Sq1 
 1) = Sq4Sq2Sq1; '(Sq6 
 Sq1) = Sq6Sq1;
'(Sq5Sq1 
 Sq1) = 0; '(Sq4Sq2 
 Sq1) = Sq4Sq2Sq1; '(Sq5 
 Sq2) = Sq5Sq2;
'(Sq4Sq1 
 Sq2) = Sq5Sq2; '(Sq4 
 Sq3) = Sq5Sq2; '(Sq3Sq1 
 Sq3) = 0;
'(Sq3Sq1 
 Sq2Sq1) = 0; '(Sq4 
 Sq2Sq1) = Sq4Sq2Sq1; '(Sq3 
 Sq4) = Sq7;
'(Sq2Sq1 
 Sq4) = Sq6Sq1; '(Sq3 
 Sq3Sq1) = 0; '(Sq2Sq1 
 Sq3Sq1) = 0;
'(Sq2 
 Sq5) = Sq6Sq1; '(Sq2 
 Sq4Sq1) = Sq6Sq1; '(Sq1 
 Sq6) = Sq7;
'(1
 Sq7) = Sq7;
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we have

'�(Sq7�) = Sq7� 
 1 + Sq3� 
 Sq4� + Sq1� 
 Sq6� + 1
 Sq7�
= Sq7� 
 1 + (�31 + �2)
 �41 + �1 
 (�61 + �22) + 1
 Sq7�:

On the other hand,

'�(�71 + �
4
1�2 + �1�

2
2 + �3) = (�1 
 1 + 1
 �1)7

+(�1 
 1 + 1
 �1)4(�2 
 1 + �21 
 �1 + 1
 �2)
+(�1 
 1 + 1
 �1)(�2 
 1 + �21 
 �1 + 1
 �2)2

+(�3 
 1 + �22 
 �1 + �41 
 �2 + 1
 �2)
= (�71 + �

4
1�2 + �1�

2
2 + �3)
 1 + (�31 + �2)
 �41

+�1 
 (�61 + �22) + 1
 (�71 + �41�2 + �1�22 + �3):

Hence we have Sq7� = �
7
1 + �

4
1�2 + �1�

2
2 + �3.

For i = 8, since
'(Sq8 
 1) = Sq8; '(Sq7 
 Sq1) = Sq7Sq1; '(Sq6Sq1 
 Sq1) = 0;
'(Sq5Sq2 
 Sq1) = Sq5Sq2Sq1; '(Sq4Sq2Sq1 
 Sq1) = 0; '(Sq6 
 Sq2) = Sq6Sq2;
'(Sq4Sq2 
 Sq2) = Sq5Sq2Sq1; '(Sq5Sq1 
 Sq2) = 0; '(Sq5 
 Sq3) = 0;
'(Sq4Sq1 
 Sq3) = 0; '(Sq5 
 Sq2Sq1) = Sq5Sq2Sq1; '(Sq3Sq1 
 Sq4) = Sq7Sq1;
'(Sq4Sq1 
 Sq2Sq1) = Sq5Sq2Sq1; '(Sq4 
 Sq3Sq1) = Sq5Sq2Sq1;
'(Sq4 
 Sq4) = Sq7Sq1 + Sq6Sq2; '(Sq3Sq1 
 Sq3Sq1) = 0; '(Sq3 
 Sq5) = Sq7Sq1;
'(Sq2Sq1 
 Sq5) = 0; '(Sq3 
 Sq4Sq1) = Sq7Sq1; '(Sq2Sq1 
 Sq4Sq1) = 0;
'(Sq2 
 Sq6) = 0; '(Sq2 
 Sq5Sq1) = 0; '(Sq2 
 Sq4Sq2) = Sq6Sq2; '(Sq1 
 Sq7) = 0;
'(Sq1 
 Sq6Sq1) = Sq7Sq1; '(Sq1 
 Sq5Sq2) = 0; '(Sq1 
 Sq4Sq2Sq1) = Sq5Sq2Sq1;
'(1
 Sq8) = Sq8;
we have

'�(Sq8�) = Sq
8
� 
 1 + 1
 Sq8�:

On the other hand,

'�(�81) = (�1 
 1 + 1
 �1)8

= �81 
 1 + 1
 �81:

Hence we have Sq8� = �
8
1.

For i = 9, since
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'(Sq9 
 1) = Sq9; '(Sq8 
 Sq1) = Sq8Sq1; '(Sq7Sq1 
 Sq1) = 0; '(Sq5Sq2Sq1 
 Sq1) = 0;
'(Sq6Sq2 
 Sq1) = Sq6Sq2Sq1; '(Sq7 
 Sq2) = Sq7Sq2; '(Sq6Sq1 
 Sq2) = Sq6Sq3;
'(Sq5Sq2 
 Sq2) = 0; '(Sq4Sq2Sq1 
 Sq2) = Sq9 + Sq8Sq1 + Sq7Sq2 + Sq6Sq2Sq1;
'(Sq6 
 Sq3) = Sq6Sq3; '(Sq5Sq1 
 Sq3) = 0; '(Sq6 
 Sq2Sq1) = Sq6Sq2Sq1;
'(Sq4Sq2 
 Sq3) = Sq9 + Sq8Sq1 + Sq7Sq2 + Sq6Sq2Sq1; '(Sq5Sq1 
 Sq2Sq1) = 0;
'(Sq4Sq2 
 Sq2Sq1) = 0; '(Sq5 
 Sq4) = Sq7Sq2; '(Sq5 
 Sq3Sq1) = 0; '(Sq4Sq1 
 Sq3Sq1) = 0;
'(Sq4Sq1 
 Sq4) = Sq9 + Sq8Sq1 + Sq7Sq2; '(Sq4 
 Sq5) = Sq9 + Sq8Sq1 + Sq7Sq2;
'(Sq3Sq1 
 Sq5) = 0; '(Sq4 
 Sq4Sq1) = Sq6Sq2Sq1; '(Sq3Sq1 
 Sq4Sq1) = 0; '(Sq3 
 Sq6) = 0;
'(Sq2Sq1 
 Sq6) = Sq9 + Sq8Sq1; '(Sq3 
 Sq5Sq1) = 0; '(Sq2Sq1 
 Sq5Sq1) = 0;
'(Sq3 
 Sq4Sq2) = Sq7Sq2; '(Sq2Sq1 
 Sq4Sq2) = Sq6Sq3; '(Sq2 
 Sq7) = Sq9 + Sq8Sq1;
'(Sq2 
 Sq6Sq1) = 0; '(Sq2 
 Sq5Sq2) = Sq6Sq3; '(Sq2 
 Sq4Sq2Sq1) = Sq6Sq2Sq1 + Sq5Sq3Sq1;
'(Sq1 
 Sq8) = Sq9; '(Sq1 
 Sq7Sq1) = 0; '(Sq1 
 Sq6Sq2) = Sq7Sq2; '(Sq1 
 Sq5Sq2Sq1) = 0;
'(1
 Sq9) = Sq9;
we have

'�(Sq9�) = Sq9� 
 1 + (Sq4Sq2Sq1)� 
 Sq2� + (Sq4Sq2)� 
 Sq3� + (Sq4Sq1)� 
 Sq4�
+Sq4� 
 Sq5� + (Sq2Sq1)� 
 Sq6� + Sq2� 
 Sq7� + Sq1� 
 Sq8� + 1
 Sq9�

= Sq9� 
 1 + �3 
 �21 + (Sq4Sq2)� 
 (�31 + �2) + (Sq4Sq1)� 
 �41
+�41 
 (�51 + �21�2) + �2 
 (�61 + �22) + �21 
 (�71 + �41�2 + �1�22 + �3)
+�1 
 �81 + 1
 Sq9�:

On the other hand,

'�(�91 + �
6
1�2 + �

3
2 + �

2
1�3) = (�1 
 1 + 1
 �1)9

+(�1 
 1 + 1
 �1)6(�2 
 1 + �21 
 �1 + 1
 �2)
+(�2 
 1 + �21 
 �1 + 1
 �2)3

+(�1 
 1 + 1
 �1)2(�3 
 1 + �22 
 �1 + �41 
 �2 + 1
 �2)
= (�91 + �

6
1�2 + �

3
2 + �

2
1�3)
 1 + �3 
 �21 + �22 
 (�31 + �2) + �21�2 
 �41

+�41 
 (�51 + �21�2) + �2 
 (�61 + �22) + �21 
 (�71 + �41�2 + �1�22 + �3)
+�1 
 �81 + 1
 (�91 + �61�2 + �32 + �21�3):

Hence we have (Sq4Sq2)� = �
2
2, (Sq

4Sq1)� = �
2
1�2, Sq

9
� = �

9
1 + �

6
1�2 + �

3
2 + �

2
1�3.

For i = 10, since the elements in A
A which maps to the elements with Sq10 by ' are Sq10
 1, Sq4Sq2
Sq4,
Sq4 
 Sq6, Sq2 
 Sq8, 1
 Sq10, we have

'�(Sq10� ) = Sq10� 
 1 + (Sq4Sq2)� 
 Sq4� + Sq4� 
 Sq6� + Sq2� 
 Sq8� + 1
 Sq10�
= Sq10� 
 1 + �22 
 �41 + �41 
 (�61 + �22) + �21 
 �81 + 1
 Sq10� :

On the other hand,

'�(�101 + �41�
2
2) = (�1 
 1 + 1
 �1)10 + (�1 
 1 + 1
 �1)4(�2 
 1 + �21 
 �1 + 1
 �2)2

= (�101 + �41�
2
2)
 1 + �22 
 �41 + �41 
 (�61 + �22) + �21 
 �81 + 1
 (�101 + �41�

2
2):
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Hence we have Sq10� = �101 + �41�
2
2.

For i = 11, since the elements in A
A which maps to the elements with Sq10 by ' are Sq11
 1, Sq5Sq2
Sq4,
Sq4Sq1 
 Sq6, Sq5 
 Sq6, Sq4 
 Sq7, Sq3 
 Sq8, Sq1 
 Sq10, 1
 Sq11, we have

'�(Sq11� ) = Sq11� 
 1 + (Sq5Sq2)� 
 Sq4� + (Sq4Sq1)� 
 Sq6� + Sq5� 
 Sq6�
+Sq4� 
 Sq7� + Sq3� 
 Sq8� + Sq1� 
 Sq10� + 1
 Sq11�

= Sq11� 
 1 + (Sq5Sq2)� 
 �41 + �21�2 
 (�61 + �22) + (�51 + �21�2)
 (�61 + �22)
+�41 
 (�71 + �41�2 + �1�22 + �3) + (�31 + �2)
 �81 + �1 
 (�101 + �41�

2
2) + 1
 Sq11�

= Sq11� 
 1 + (Sq5Sq2)� 
 �41 + �51 
 (�61 + �22) + �41 
 (�71 + �41�2 + �1�22 + �3)
+(�31 + �2)
 �81 + �1 
 (�101 + �41�

2
2) + 1
 Sq11� :

On the other hand,

'�(�111 + �81�2 + �
5
1�
2
2 + �

4
1�3) = (�1 
 1 + 1
 �1)11

+(�1 
 1 + 1
 �1)8(�2 
 1 + �21 
 �1 + 1
 �2)
+(�1 
 1 + 1
 �1)5(�2 
 1 + �21 
 �1 + 1
 �2)2

+(�1 
 1 + 1
 �1)4(�3 
 1 + �22 
 �1 + �41 
 �2 + 1
 �2)
= (�111 + �81�2 + �

5
1�
2
2 + �

4
1�3)
 1 + (�1�22 + �3)
 �41 + �51 
 (�61 + �22)

+�41 
 (�71 + �41�2 + �1�22 + �3) + (�31 + �2)
 �81 + �1 
 (�101 + �41�
2
2)

+1
 (�111 + �81�2 + �
5
1�
2
2 + �

4
1�3):

Hence we have (Sq5Sq2)� = �1�
2
2 + �3, Sq

11
� = �111 + �81�2 + �

5
1�
2
2 + �

4
1�3.

3. Proof of Lemma 1

Lemma 1. For all positive integer i, let j = 2m � 1 if 2m�1 < i < 2m for some integer m > 1, or j = i if i = 2m
for some integer m > 1. Then Sqi(wj1) = w

i+j
1 , and SqI(wj1) = 0, where I = (i1; i2; :::; ik) is any admissible

sequence with i1 + i2 + :::+ ik = i, k > 1.

Proof. If i = 2m for some integer m > 1,

Sqi(wj1) = Sq
i(wi1) =

�
i

i

�
wi+i1 = wi+i1 = wi+j1 :

For each l such that 0 < l =
m�1X
k=0

lk2
k < 2m, where 0 6 lk 6 1, since for a =

mX
k=0

ak2
k and b =

mX
k=0

bk2
k > 0 with

0 6 ak, bk 6 1, am = 1, we have �
a

b

�
�

mY
k=0

�
ak
bk

�
(mod 2):
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It implies �
i

l

�
� [

m�1Y
k=0

�
0

lk

�
]

�
1

0

�
(mod 2) � 0 (mod 2):

Moreover from this, we get Sql(wj1) = Sql(wi1) =
�
i
l

�
wi+l1 = 0. So SqI(wj1) = 0 for any admissible sequence

I = (i1; i2; :::; in) with i1 + i2 + :::+ in = i, n > 1.

If 2m�1 < i < 2m for some integer m > 1, let 0 < l < 2m

Sql(wj1) = Sq
l(w2

m�1
1 ) =

�
2m � 1
l

�
wl+2

m�1
1 =

�
2m � 1
l

�
wl+j1 :

We may assume l =
m�1X
k=0

lk2
k for 0 6 lk 6 1. Since 2m � 1 =

m�1X
k=0

2k, then

�
2m � 1
l

�
�

m�1Y
k=0

�
1

lk

�
(mod 2) � 1 (mod 2):

That is Sql(wj1) = w
l+j
1 , and Sqi(wj1) = w

i+j
1 is the case for l = i.

Given an admissible sequence I = (i1; i2; :::; in) with i1 + i2 + :::+ in = i, n > 1. Let I
0
= (i1; i2; :::; in�2), then

SqI(wj1) = Sq
I
0
Sqin�1Sqin(wj1) = Sq

I
0
Sqin�1(win+j1 ).

Actually, we may assume in = 2s+
s�1X
k=0

bk2
k for 0 6 bk 6 1, 0 < s < m�1, then in+ j = 2s+

s�1X
k=0

bk2
k+2m�1 =

2s +
s�1X
k=0

bk2
k + 2m�1 + 2m�2 + :::+ 1

= 2m+

s�1X
k=0

(bk + 1)2
k. Therefore

2m +

s�1X
k=0

2k 6 in + j 6 2m +
s�1X
k=0

2k+1 = 2m +

sX
k=1

2k:

Since I is admissible, we have 2s+1+
s�1X
k=0

bk2
k+1 = 2in 6 in�1 < i < 2m: So we can assume in�1 = 2u+

u�1X
k=0

ck2
k for

0 6 ck 6 1, s+1 6 u < m, then we have
�
in+j
in�1

�
� 0 (mod 2) because the coe¢ cent of in + j with degree u is 0 and

the coe¢ cent of in�1with degree u is 1. So

SqI(wj1) = Sq
I
0

Sqin�1(win+j1 ) = SqI
0

(

�
in + j

in�1

�
w
in+in�1+j
1 ) = SqI

0

(0);

and this completes the lemma.�
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4. Proof of Theorem 2

Theorem 2. The dual of the i-th mod 2 Steenrod square Sqi is (X2m�1)i if 2m�1 < i < 2m for some integer
m > 1, or (Xi)i if i = 2m for some integer m > 1.

Proof. For each positive integer i, let j as in Lemma 1. By Lemma 1, the only admissible sequence with
i1 + i2 + :::+ ik = i and k � 1, which sends wj1 to w

i+j
1 , is Sqi. Since the dual of wi+j1 is bi+j , by Switzer�s formula

[3], ��(bi+j) =
i+jX
k=0

(Xk)i+j�k 
 bk, where the bj term is (Xj)i 
 bj and �� : eH�(RP1) �! A� 
 eH�(RP1) is the
coaction map. Therefore the dual of Sqi is (Xj)i, and this completes the proof .�

5. List some examples

Note that the degree of �i is 2
i � 1, then we calculate the examples for the dual of Sqi with i = 1; 2; :::17, and

list the examples for the dual of Sqi with i = 18; 19; :::31.

Sq1� = (X1)1 =
1!

1!
�1

= �1

Sq2� = (X2)2 =
2!

2!
�21

= �21

Sq3� = (X3)3 =
3!

3!
�31 +

3!

1!2!
�2

= �31 + �2

Sq4� = (X4)4 =
4!

4!
�41 +

4!

1!3!
�1�2

= �41

Sq5� = (X7)5 =
7!

5!2!
�51 +

7!

2!1!4!
�21�2

= �51 + �
2
1�2

8



Sq6� = (X7)6 =
7!

6!1!
�61 +

7!

3!1!3!
�31�2 +

7!

2!5!
�22

= �61 + �
2
2

Sq7� = (X7)7 =
7!

7!
�71 +

7!

4!1!2!
�41�2 +

7!

1!2!4!
�1�

2
2 +

7!

1!6!
�3

= �71 + �
4
1�2 + �1�

2
2 + �3

Sq8� = (X8)8 =
8!

8!
�81 +

8!

5!1!2!
�51�2 +

8!

2!2!4!
�21�

2
2 +

8!

1!1!6!
�1�3

= �81

Sq9� = (X15)9 =
15!

9!6!
�91 +

15!

6!1!8!
�61�2 +

15!

3!2!10!
�31�

2
2 +

15!

3!12!
�32 +

15!

2!1!12!
�21�3

= �91 + �
6
1�2 + �

3
2 + �

2
1�3

Sq10� = (X15)10 =
15!

10!5!
�101 +

15!

7!1!7!
�71�2 +

15!

4!2!9!
�41�

2
2 +

15!

1!3!11!
�1�

3
2 +

15!

3!1!11!
�31�3 +

15!

1!1!13!
�2�3

= �101 + �41�
2
2

Sq11� = (X15)11 =
15!

11!4!
�111 +

15!

8!1!6!
�81�2 +

15!

5!2!8!
�51�

2
2 +

15!

2!3!10!
�21�

3
2 +

15!

4!1!10!
�41�3

+
15!

1!1!1!12!
�1�2�3

= �111 + �81�2 + �
5
1�
2
2 + �

4
1�3

Sq12� = (X15)12 =
15!

12!3!
�121 +

15!

9!1!5!
�91�2 +

15!

6!2!7!
�61�

2
2 +

15!

3!3!9!
�31�

3
2 +

15!

4!11!
�42 +

15!

5!1!9!
�51�3

+
15!

2!1!1!11!
�21�2�3

= �121 + �42

Sq13� = (X15)13 =
15!

13!2!
�131 +

15!

10!1!4!
�101 �2 +

15!

7!2!6!
�71�

2
2 +

15!

4!3!8!
�41�

3
2 +

15!

1!4!10!
�1�

4
2

+
15!

6!1!8!
�61�3 +

15!

3!1!1!10!
�31�2�3 +

15!

2!1!12!
�22�3

= �131 + �101 �2 + �
4
1�
3
2 + �1�

4
2 + �

6
1�3 + �

2
2�3

Sq14� = (X15)14 =
15!

14!1!
�141 +

15!

11!1!3!
�111 �2 +

15!

8!2!5!
�81�

2
2 +

15!

5!3!7!
�51�

3
2 +

15!

2!4!9!
�21�

4
2

+
15!

7!1!7!
�71�3 +

15!

4!1!1!9!
�41�2�3 +

15!

1!2!1!11!
�1�

2
2�3 +

15!

2!13!
�23

= �141 + �81�
2
2 + �

2
1�
4
2 + �

2
3

Sq15� = (X15)15 =
15!

15!
�151 +

15!

12!1!2!
�121 �2 +

15!

9!2!4!
�91�

2
2 +

15!

6!3!6!
�61�

3
2 +

15!

3!4!8!
�31�

4
2

+
15!

5!10!
�52 +

15!

8!1!6!
�81�3 +

15!

5!1!1!8!
�51�2�3 +

15!

2!2!1!10!
�21�

2
2�3 +

15!

1!2!12!
�1�

2
3 +

15!

1!14!
�4

= �151 + �121 �2 + �
9
1�
2
2 + �

3
1�
4
2 + �

5
2 + �

8
1�3 + �1�

2
3 + �4
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Sq16� = (X16)16 =
16!

16!
�161 +

16!

13!1!2!
�131 �2 +

16!

10!2!4!
�101 �

2
2 +

16!

7!3!6!
�71�

3
2 +

16!

4!4!8!
�41�

4
2

+
16!

1!5!10!
�11�

5
2 +

16!

9!1!6!
�91�3 +

16!

6!1!1!8!
�61�2�3 +

16!

3!2!1!10!
�31�

2
2�3 +

16!

3!1!12!
�32�3

+
16!

2!2!12!
�21�

2
3

= �161

Sq17� = (X31)17 =
31!

17!14!
�171 +

31!

14!1!16!
�141 �2 +

31!

11!2!18!
�111 �

2
2 +

31!

8!3!20!
�81�

3
2 +

31!

5!4!22!
�51�

4
2

+
31!

2!5!24!
�21�

5
2 +

31!

10!1!20!
�101 �3 +

31!

7!1!1!22!
�71�2�3 +

31!

4!2!1!24!
�41�

2
2�3 +

31!

1!3!1!26!
�1�

3
2�3

+
31!

3!2!26!
�31�

2
3 +

31!

1!2!28!
�2�

2
3 +

31!

2!1!28!
�21�4

= �171 + �141 �2 + �
8
1�
3
2 + �

2
1�
5
2 + �

10
1 �3 + �

4
1�
2
2�3 + �2�

2
3 + �

2
1�4

Sq18� = �62 + �
4
1�
2
3 + �

12
1 �

2
2 + �

18
1

Sq19� = �42�3 + �1�
6
2 + �

4
1�4 + �

5
1�
2
3 + �

12
1 �3 + �

13
1 �

2
2 + �

16
1 �2 + �

19
1

Sq20� = �81�
4
2 + �

20
1

Sq21� = �33 + �
2
2�4 + �

7
2 + �

2
1�
4
2�3 + �

4
1�2�

2
3 + �

6
1�4 + �

8
1�
2
2�3 + �

9
1�
4
2 + �

12
1 �

3
2 + �

14
1 �

1
3 + �

18
1 �2 + �

21
1

Sq22� = �81�
2
3 + �

10
1 �

4
2 + �

16
1 �

2
2 + �

22
1

Sq23� = �81�4 + �
8
1�
5
2 + �

9
1�
2
3 + �

11
1 �

4
2 + �

16
1 �3 + �

17
1 �

2
2 + �

20
1 �2 + �

23
1

Sq24� = �82 + �
24
1

Sq25� = �62�3 + �1�
8
2 + �

4
1�
3
3 + �

4
1�
2
2�4 + �

8
1�2�

2
3 + �

10
1 �4 + �

10
1 �

5
2 + �

12
1 �

2
2�3 + �

16
1 �

3
2 + �

18
1 �3 + �

22
1 �2 + �

25
1

Sq26� = �42�
2
3 + �

2
1�
8
2 + �

8
1�
6
2 + �

12
1 �

2
3 + �

20
1 �

2
2 + �

26
1

Sq27� = �42�4 + �
9
2 + �1�

4
2�
2
3 + �

3
1�
8
2 + �

8
1�
4
2�3 + �

9
1�
6
2 + �

12
1 �4 + �

13
1 �

2
3 + �

20
1 �3 + �

21
1 �

2
2 + �

24
1 �2 + �

27
1

Sq28� = �43 + �
4
1�
8
2 + �

16
1 �

4
2 + �

28
1

Sq29� = �23�4 + �
5
2�
2
3 + �1�

4
3 + �

2
1�
4
2�4 + �

2
1�
9
2 + �

5
1�
8
2 + �

8
1�
3
3 + �

8
1�
2
2�4 + �

8
1�
7
2 + �

10
1 �

4
2�3 + �

12
1 �2�

2
3 + �

14
1 �4

+�161 �
2
2�3 + �

17
1 �

4
2 + �

20
1 �

3
2 + �

22
1 �3 + �

26
1 �2 + �

29
1

Sq30� = �24 + �
10
2 + �21�

4
3 + �

6
1�
8
2 + �

16
1 �

2
3 + �

18
1 �

4
2 + �

24
1 �

2
2 + �

30
1

Sq31� = �5 + �2�
4
3 + �

8
2�3 + �1�

2
4 + �1�

10
2 + �31�

4
3 + �

4
1�
9
2 + �

7
1�
8
2 + �

16
1 �4 + �

16
1 �

5
2 + �

17
1 �

2
3 + �

19
1 �

4
2 + �

24
1 �3

+�251 �
2
2 + �

28
1 �2 + �

31
1
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6. Proof of Theorem 1

Theorem 1. Consider the coaction map �� : eH�(F ) �! A� 
 eH�(F ). Then for i > 1,
��(bi) =

iX
k=0

(Xk)i�k 
 bk + (Xj)i+1 
 b�1;

and
��(b�1) = 1
 b�1;

where j = 2m � 1 if 2m�1 < i+ 1 < 2m for some integer m > 1, or j = i+ 1 if i+ 1 = 2m for some integer m > 1.

Proof. Since Sqi+1(w�1) = wi1 for i > 1, we have SqlSqi+1(w�1) = Sql(wi1) =
�
i
l

�
wi+l1 = 0 for each l > 2i+ 2.

By Theorem 2, the dual of Sqi+1 is (Xj)i+1, and since the dual of bi is wi1, the b�1 term of ��(bi) is (X
j)i+1
 b�1.

By Switzer�s formula [3], the bk term of ��(bi) is (X
k)i�k 
 bk. So for i > 1

��(bi) =
iX

k=0

(Xk)i�k 
 bk + (Xj)i+1 
 b�1:

Suppose there exists M in A� such that one of the term of ��(b�1) is M 
 bi for some i > 1. Since the degree
of M is nonnegative, and the degree of b�1 is �1, it�s impossible. Therefore ��(b�1) = 1
 b�1. This completes the
proof .�
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